STEADY HEAT TRANSFER IN LAMINAR FLUID FLOW AT VARIOUS PECLET NUMBERS

E. M. Taits _ UDC 536,24

An approximate analytical method is proposed for solving the convective heat-trans-
fer equations; the method is based on series expansion in terms of the eigenfunc-
tions of the heat-conduction equation,

Methods of solving the problem of steady heat transfer in a laminar flow are basically
numerical, and may be conventionally divided into two basic types:efinding the eigenvalues
and eigenfunctions by series expansion with respect to the transverse coordlnate [1, 2] and
using varlous versions of the finite-difference method [1~5].

The analytical method proposed in the present work for calculating the temperature field
and heat flux with arbitrary values of the Peclet number Pe may be used for both pellicular
flows and flows in channels,

It is assumed below that the boundary conditions and velocity of the fluid v = vx(y) do
not change along the flow. ’ .

With constant fluid properties, the given problem may be described by the following equa-
tion .
o7
ox

v = aAT
and the boundary conditions

x>0:(a,T+ B, j{)

M (i=1,2) o8

g=Yi

x=0: T =T, (),

which give conditions of the first, second, or third kind with definite values of the coeffi-
Cients afi’ ﬁi, Yi.

Homogeneous boundary conditions in terms of y are more convenient than Eq. (1) for solu-
tion., They may be derived by introducing the auxiliary function T,(x, y) satisfying the equa-
tion for T(x, y) and the boundary conditions in Eq. (1). The function T,;(x, y) may be regard-
ed as the fluid temperature at a large distance from the input to the heat-transfer region.

It is simple to obtain an expression for T,(x, y) as a rule, and therefore it is assumed to
be known. Subtracting T, from T, a new function satisfying boundary conditions homogeneous
in y is obtained. , . -

Converting to dimensionless quantities — © = (T — T,)/T*, ¢ = v§/Q, x = x/h, y = y/h,
i =B /h, Pe = Qh/Sa, ds = ds/S — and omitting the tildes for the sake of convenience, the
result obtained is :

-~

Pev 99 = AG (2)
ox ' '
29
(aO +B; _a_y-) =0, 8 _,=6,(y)
Sly=Y;

The essence of this method is to expand the desired solution of Eq. (2) in series in
eigenfunctions of the heat-conduction problem, with the same boundary conditions, and then
to determine the coefficients of these functions and also the spectrum of the problem.

Belorussian Polytechnical Institute, Minsk. Translated from Inzhenerno-Fizicheskii
Zhurnal, Vol. 53, No. 4, pp. 629-636, October, 1987. Original article submitted June 20,
1986,

1188 | , 0022-0841/87/5304-1188$12.50 - © 1988 Plenum Publishing Corporation



As Pe > 0, the left-hand side of Eq. (2) may be ne lected, and the equation reduces to
the heat-conduction equation, the solution of which 6(®)(x, y) is regarded as known [6]. 1In
general form, o(° (x, y) is determined as the sum of the series

o

a0 (x, y) = :: Cntpr (1) eXp (—VnX),

fi==1

(3)

where Vi and @n(y) are the eigenvalues and eigenfunctions of the boundary problem

02

L(Pn-f-V;‘:an =0, L=A~ R /Cci(f’n ‘:‘ﬁz"%"\ = 0.
ox? K dy /y=yi
The set of eigenfunctions<pn has the properties of completeness and orthogonality [7]
and, with the corresponding normalization, it follows that _(wﬂmnﬂk==6nm s Where ﬁ}k is
- I )

the integral over the cross section of the flow Q.

From the condition @(°)|x=o = BQo(y) and the finiteness of 6(°)(x, y) as x > =, it follows

that C,= | O,puds, v, >0 .

o

a
The solution of Eq. (2) with arbitrary Pe may also be expanded in series in terms of ¢,

O )= @9, 1ot = [O(x ) g (@) ds | )

n= Q

Substituting Eq. (4) into Eq. (2), after simple transformations, a system of equations
for determining fn(x) is obtained

df"’l e

ﬁn__ _"ngn = Pe E Cnm y Apm== \ U(an)mds-

dxz m=1 dx Q

The boundary conditions fn(O) = Cn’ fn(m) < w'are added to this system,

The system obtained is a system of linear homogeneous differential equations with con-
stant coefficients. Assuming that there are no multiple roots of the characteristic equation,
its solution may be written in series form

fn (JC) == 2 Eni€Xp ('_klx)'
=1

After substitution into the corresponding equation and boundary conditions, a system of al-
gebraic equations for determining the coefficients ) and the spectrunm kZ is obtained

0o

gnl ('V;zl~ k[2 ) = Pe kl E AnmEmis (5) ‘

m=1

oo‘
%gm — Cp, k,>0. (6)

Thus, the problem in Eq. (2) reduces to a system of algebraic equations. Since the num-
ber of equations and unknowns in Eqs. (5) and (6) is infinite and the system is nonlinear, it
is impossible to obtain its accurate solution in general form.

In the particular case when v = const = 1 (core flow), the accurate solution of Egs. (5)
and (6) takes the form ‘

gn = Cn(snb kn = % (Vpez+4'vi_ pe)
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The corresponding temperature profile is determined by the expression

oo

8 = X, Culr (4) €Xp (—kn%), N

n=1

i.e., differs from the solution of the heat-conduction problem in Eq. (3) only by the spectrum

{kn}.

To obtain an approximate solution with arbitrary v(y), several properties of the matrix
@, are considered. The flow is assumed below to be unidirectional: v(y) > 0 when y¢€Q) .

Then it follows from |¢ds={ods—=1 that dum—|ovglds~1 .
’ Q Q Q

Since, when n > 1, ¢_(y) is a sign-variable function and the number of its zeros in @ is
proportional to n, the function ¢, = v@,@, is also sign-variable when n # m. The number of
regions in which ¢ > 0 is approximately the same as the number of regions where ¢pp < 0. It
is natural to assume that tanm' << 1, i.e., the nondiagonal matrix elements np are much less
than the diagonal elements, while |a | decreases with increase in |n —m}.

It follows from the properties of ayq and from Eqs. (5) and (6) that, in each column and
row of the matrix Bpm? the diagonal element is the preatest (in modulus).

Taking account of the elements adjacent to the diagonal elements Apy and 8om

gnm = gnn nm + 8nn- l‘sn im 'T‘ gnn+16u-rlm 1‘ gnn—lsnm 1 + gn+1n6nm+1a :

(®)
Apm = annanm + Qnn-1 (611—1m + 6nm—l) + Apn+i (an%—lm + 6nm.+1),
the result obtained after substituting Eq. (8) into Egs. (5) and (6) is
gnt+in = Pe kngnnFnannv (9)
gn-1n = —Pe RoganFu-10nn, - o (10)
gnn = Cn +- Pe (Cn+1kn+lan+ln+1Fn '—Cn—lkn—lan—ln—-an—l), (11)
1
ky = ——————— (/' Pe? (a2 +4v2D,) + 42 —Peay,),
2(1 4 Pe2D,) (VPe( " : " (12)
_ Qn+1in - F. — F. ).
Fn - anrtv,2,+1‘—an+1n+lvﬁ ’ Dn Qpn (ann+1 n Qpn-1 n—l)
Hence an expression for the temperature profile is obtained
B(x, y) = S Enn (Pn + Pe kpayn [ Fr@ui1 — Fro1@n-1]) €Xp (——k x). : (13)
=t

n=

As Pe > », as is known, a new arbitrary coordinate x; = x/Pe may be introduced. In this
case, Eq. (2) transforms to the heat transfer equation in the absence of heat conduction in
the direction of the flow

v 99 = L0,
0x,

the solution of which is obtained from Egs. (9)-(13)

0 (%1, 4) = IZI‘PI (4) exp (—heta).

Here AZ and wz(y) are the eigenvalues and eigenfunctions of the SturmLiouville problem

d“" j ~0.

Y=H;

__;"lvlpl = Lwl’ ( P+ ﬁz
In the given approximation, the expressions for AZ and ¢Z take the form

71 = lim Pe kl == —2_ (Va -{-4'\72 Dl —_ au)

Pe-»o0
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Y1 = Zu (P + ay [Fi®r41 — Fra@ra) Ay).

Returning to Eq. (2) with arbitrary Pe, it may be shown that, taking account of the ma-

trix elements farther from the diagonal elements a__ and g__, the solution of Eq. (2) is ob-
tained with any specified accuracy nm nm

9.: n=li—M
0= exp(—kix) X &ubn(y).
I=1 n=={—M

The relative error in this case is no more than |@iys:|Peki/vi. Since it is practically
impossible to calculate the temperature O(x, y) in the form of an infinite series, there aris-
es the question of how many terms must be taken into account in order to achieve the required
accuracy. It may be shown that, if the sequence of coefficients ICZ!, which is determined
by the temperature 0,(y), is monotonically convergent (which corresponds to a sufficiently
broad class of problems), the relative error associated with taking account only of the first
N terms of the series is of order |CN+1/Cllexp((—-kN+1 ~ ki)x).

The results of calculating the maximum relative error for flow through a plane channel
with a constant wall temperature and T, = const are shown in Table 1.

It must also be taken into account that, for sufficiently large 1 (vZ >> Pe), convective
heat transfer may be neglected. Then

, P,e
gu/C=Ryv, =1+ 0 { ‘”‘) )
vV
and hence the eigenvalues and eigenfunctions of Eq. (2) may be regarded as coinciding with
the corresponding eigenvalues and eigenfunctions of the heat-conduction problem, which allows
the volume of computations to be significantly reduced.

Knowing the temperature profile, the Nusselt number Nu may be found; it is determined
from the mean-flow-rate temperature €

Neoni[S)  exp(-he)
- ! dy i=Y;

= —
y=9; 2, iy €XP (—R1X)
n,l

Nu, (1) = — —= (g—j
J

n,

©

B = [veds, 9= | vpuds,

Q Q

The limiting Nusselt number Nuje = lim Nui(x) is determined by the coefficients of exp (—k,x)

X
) V . ] dq)n \)
‘ffg ' ( dy I ly=y;
Nuiw T \’,‘ -
g En1Pn

n

To compare this new method with the well-known version, the results of calculating
Num(Pe) for a case that has been well investigated are given: for flow through a plane chan-
nel with a constant wall temperature.

Curves of Nu_ as a function of Pe are.shown in Fig, 1: 1) taking account only of the
diagonal matrix elements a__ and &om’ 2) taking account alsc of those closest to the diagonal;
3) numerical calculation [TT, for comparison. As is evident from Fig. 1, the difference be-
tween curves 2 and 3 is slight, and hence taking account of the matrix elements adjacent to
the diagonal elements Ayms 8pm @llows a solution sufficiently close to the accurate result
to be obtained (relative error less than 2%).
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In conclusion, as an example of the use of the given method, consider steady heat trans-
fer between a liquid layer rumning down an inclined plane in laminar conditions and a gas flow

around it. The tangential stress at the free surface is determined by the dimensionless pa-
rameter T.

The liquid velocity is

v(y) = ~—§Q—1—[(—§—'c+ I)L—J—z—-] .

) A onz |
The boundary conditions for the temperature are as follows
oT
T lx=() == T09 T Iy=h = Tl’ . = 0.
o dy y=0

The eigenfunctions P and eigenvalues v, of the heat-conduction problem in this case take
the form v

2n—1
=l

y Vo=
2

The coefficients required to calculate the dimensionless temperature 0 = (T — T;)/(Te —
T,) and the Nusselt number are determined by the expressions

@n = 1 2c0sV, ——

2y (=" — ¢ C 3
C, = =B+ 2| | ——= | — (1 —C?;
@n—1y= P 141 G+ )( V2) g ( )
_den_ ::;ZECEL(__”";ann==1__ 12 il k2
dy 1 y=h A 4v, 147
. 1 [ 3 314y
ns=Emin-t+m , = — — >
- e G T T R [(—mf (n +m~1>2}
n—+4m odd, Ay ==— ! 3t 3 .
: 2l -+7) | (n—mP  (n4+m—1)>

In Eq. (8), determining g, and kn from Eqs. (9)-(12), the desired functions 0(x, y) and
Nu(x) are obtained

o

\ X
0 = .’\d(gnnq“n + En-1nPn-1 "{" gn-*-ln(Pn-*'l) €Xp (_kn—) ’

n=1\ h
2
Nu = = x
4
= e ) / X
31120 1) € (21—3) Gucyu—(2a4 D) Gl 0 ks ~h—)
X n==1 ~ I —
o (=D - < P .
,Izlm (gr|71(Pn+gn—111(Pn—1 + 8at1n q)n'H) €xp ( kn _"1"‘)

The explicit form of g (Pe, 1) and k_(Pe, t) is not given here for reasons of space.
nm n

TABLE 1. Error for Various M and N when x =
0 and Pe » =, %

N
M 5 | 1o I | 50
0 21 16 13 12
1 i2 7 4 3
2 10 b) 2 i
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Fig. 1. Dependence of Nu_ on Pe
for flow over a plane channel with
a constant wall temperature.

kL " NUeo

i I 30 . 1 . 1 5
g 8 6 Pe @ 4 I’ Pe

Fig. 2. Dependence of k, and Nu, on Pe for flow over an in-
clined planet 1) v =-0.75; 2) 1 =03 3) 7 > o,

Curves of k,(Pe, 1) and Nu,(Pe, t) are shown in Fig, 2. As is evident from Fig. 2, k,
and Nu_ increase with increase in 1 at constant Pe, and hence the heat transfer between the
film and the surrounding gas flow is intensified. The minimum value of T is taken to be —0.75,
since when T < ~0.75 return flow is formed close to the free surface, i.e., the condition of
unidirectionality is violated. The case when T = « corresponds to horizontal flow of the li-
quid film arising on account of entrainment in the gas flow,

NOTATION

Pe, Peclet number; v, flow velocity, m/sec; T, fluid temperature, K: x, v, coordinates
along and transverse to flow, m; a, thermal diffusivity, m?/sec; 4, Laplacian, m™?; y., co-
ordinates of flow boundary, m; Ty, temperature at input to heat-transfer zone, K; ©, dimen-
sionless temperature; T#, temperature used in forming dimensionless parameters, K; Q, fluid
flow rate, m®/sec; S, cross-sectional area of flow, m®; h, characteristic length transverse
to flow, m; & __, Kronecker delta; Nu, Nusselt number; Q,, fluid flow rate per unit width of

. 2 nm . .
film, m*/sec. Indices: i =1, 2, number of flow boundary.
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